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SUMMARY’
Thesupersonicwavedragofa nonlifting,symmetrical.,double-
wedge-profile,.deltawingthethiclmessratioofwhichvarieslinearly
inthespanwisedirectioniscalculatedbymeansoflineartheory.
Ingeneralitisfoundthata delta.wingwithlinearlyvarying
thicknessratiocanhavelesswavedragthana constant-thickness-ratio
deltawingofthesameplanfozmwhenbQthwingshaveeitherthesame
projettedfrentalareaorthesameinternalvolume.Thethickness
distributionsforminimumdkagandthecorrespondingvaluesoftheratio
ofthedragofa linearlyvaryingthickness-ratiow ngto a constant-
thickness-ratiow ngarefound.
INTRODUCTION
Inreference1,Pucketthasfoundthesupersonicwavedragofa
nonlifting,symmetrical,double-wedge-profile,deltawingwithconstant
thiclmessratio.Itis shownthatthedragcoefficientforthedelta
~ w be reducedbelowthetwo-dimensionalv ueonlyforthecase
inwhichboththeleadingedgeandtheridgelinearesubsotic,the
maximumreductionfora givenMachnumberandsemiapexanglebeinga
functionoftheposition.oftheridgeline. ~
Inthepresentpapertheadd’itiom.leffectonthedragofvsrying
thethiclmessratiointhespanwisedirectionisdeterminedwiththe
assumptionthatthethicknessratiovarieslinearlyinthespanwise .
direction,whichmeansthat,whenthewingisviewedfrombehind,the
lineofmaximumthicknesshqsa parabolicshape.,Thesource-distribution
methoddevelopedinreference1 isusedtorepresentthevsriable-
thickness-ratiow ngs.
Itisshownthatthedeviationofthemaximum-thicknesslinefrom
a straightlinecank-erepresentedby a nondimensionalp rsmeter.charts
arepresentedfromwhich,ifthisparsmeterisknown,thedragofa
variable-thickness-ratiodeltawingcanbe found.Alsoshownisthefact
.
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thata delta~ng ~th a line~ly ~~ng t~c~e ss ratio C= giveless
wavedragth~ a co~t~t.t~c~ss-ratiodelta~g when both wings have
thessmepro~ectedfrontalsreaorwhenbothhavethesameinternal
volume.Thevalueofthenondimensionalm ximum-thickness-distribution
parameter,forwhichtheratioof thedragofthevariable-thickness-
ratiowingtothedragoftheconstant-thickness-ratiowingisa minimum,
iscalculatedforbothcriteria. ‘
SYMBOLS
Af projectedfrontslarea
/
P(Y/cJ~=+= .
Cr
c(y)
D
Ap
1FlF2#3
%%VH3J
——.—— — — ——— .—-——
dragcoefficient,D/qS
rootchord
localchord
drag ‘
locslstaticpressureminusfree-streamstaticpressure
tangentofleading+dgesemiapexangle
tangentofridge-linesemiapexangle
functionsdefinedinappendixB
slopsof airfoilsurfaceinstreamwisedirection
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M free-streamMachnumber ;
b
m dimensionalthickness-distributionparameter
,- ‘
m nondhensionalthickness-distributionparameter,
mcr~u mcrb
.—
T h
5,7 dummyvariablesfor x and y,respectively
PI andpl pressure-distributionfunctionand a@@x associated
withbasicsourcedistributionwhen b < 1
P2 andp2 pressure+istrihutionfunctionand a@2/* associated
withsuperhpsedsourcedistributionwhen a < 1
Q1,61andql,ilpressure-distributionfunctionsand a@@x associated
withbasicsourcedistributionwhen b >1
.
Q2Y62=d q2jq2 pressure-distributionfunctionsand ~@/& associated
withsuperimposedsourcedistributionwhen a >1
q dynsmicpressure,$$ \
%Er=e
-.
-KIJ
P
s
tr
t(y)
T
U=*
v
vi
~
free-streamdensity
plan-formarea
rootthickness
localmsxm thicluless
thicknessratioatroot,t~/Cr
free-streamvelocity ,
internalvolume
perturbationveloci~potential
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Subscripts:
R
1
2
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perturbationvelocityinz-direction
Cartesiancoordi&tes(right-handedsystem),x in
directionoffree-streamvelocity
righthalfofwing
basicdistribution
superimposeddistribution.
Primesdenote
Thelinearized
potentialinsteady
:Onstant-thickuess-ratio
ANALYSIS
partfddifferentialequationfortheperturbation
supersonicflowis
(1)
Whenconsideringa thinsymmetricalirfoilatzeroangleofattack,
forwhichsmalldisturbances~ assumed,theboundaryconditionson
thesurfaceofthewingmaybe satisfied,tothefirstorder,inthe
planeofthewing. Eence .
M( )az za .W.kv (2)
Inreference1, itis shownthata solutionofequation(1)whichsatis-
fiescondition(2)isthatfora sourcedistribution
“
I
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.
.,,
wherew(E,q) = X(E,q)V isproportionaltothesourcestrengthper
unitareaand k istheslopeoftheairfoilsectionmeasuredinthe
stresmwisedirection.Forthewingshowninfigure1,theslopeof
thesurfaceaheadoftheridgelineisequalto theratioofone-halP
thelocalmaximumthicknessattheridgelinetothepartofthelocal
chordaheadoftheridgeline;theslopeoftherearsurfaceisthe
negativeratioof one-hallfo thelocalmaximumthiclmessattheridge
lineto theremainderofthelocalchord.h thepresentpaperthe
thicknessratioisassumedtovarylinearlywith y,or
(4)
wheretr/Cr istherootthicknessratio;and m isa paramterwhich
determinestheshapeofthethiclmesscurveinthespanwisedirection.
Therefore,overthefbrwardpartofthewing
t(y)v v
()
tr
W(x,y)=’ —+my
2(1- r)c(y)= (1- r)2cr
andovertherearpart
()t(y)V V.‘r ‘W(x,y)= ~e(y) - -——+myr 2cr
(5a)
(m)
.
em
wherer== andrepresentsheridge-line
mea&d fromthetrailingedge.
positionin~rcentchord ‘
bthe following~ysis ~/&, isevaluatedfr&~quation(3) by
integratingovertherighth& ofthe@per surfaceofthewing. Inas-
muchasthewingshap,andthereforethepressuredistribution,is sym-
metricalwith
surfaceis
respectithex-s, M(x,Y)/~ fortheentim5upper
\
.
.
\
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~ -[ axlR+[wlR?i!ud.-3K&d.). (6)
Thepotentialofanypoint(xjy)isfoundby integratingoverthearea
ofthewinglyingwithintheforward-drawnMachlinesfromthepoint(x,y)
inordertoobtaintheeffectonthepointofallthesourcesthatcan
influenceit.
Thewingofthepresentpaperisrepresentedby a distributionf
sourcesintheplane Z=o. Thisdistributionisuniquelydetermined
bytheboundaryconditionsonthewing. Sinceequation(3) is a SOIU-
tiontoa linearpartial.differentialequation,thisdistributionmay
be representedby a superpositionof
desiredaslongasthenetresultis
conditions.Thedragonthewingis
causedbythepressurefieldofeach
tallyaddingtheresults.
—
sourcedistributionsinanymanner
thatprescribedby theboundary
thenfoundby computingthedrag
sourcedistributiona dalgebrai-
Inthepresentanalysistwosourcedistributionsareused: one,
thebasicdistribution’whichextendsovertheentireplanformand
followsthelawgoverningthesourcestrengthsrepresentingtheforward
slopesofthewing,andtheother,thesuperimposeddistributionwhich
liesintheregionboundedbytheridgelinesandthetrailingedge.
Thesourcesinthisregionhavethestrengthsprescribedby thekeundaq
conditionsforthisregionplusthenegativevalueofthestrengthsof
thefirstdistribution.Thus,whensuperimposed,thenetso~cedistri-
butionforthewholewingisthatprescribedby theboundaryconditions.
Fromfigure2(a),thebasicsourcedistributionusedtorepresent
a deltawingwithsubsonicleadingedge(~e~< 1) canbe expressedas
(7)
(
1.
1
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I
andthesuperimposedsourcedistribution
sonic(~e~< 1),as
@(wgR=
whentheridge-lineis sub-
fir(l- r)
(8)
Bytheuseofequations(6) and (7), a solutionforthebasicdistribu-
tionisobtained:
?!5=-2..-1!=?.
ax. { 1 - up’
2Vmb%
~2fi(l- r)(l- b2)3/2
2Vmb%x t&-, m+
3/2
f32fi(l- r)(,l- b2) b=
2Vmb%
-’
P2X(1-r)(l-b2)
.
~(m,r,x,u,b) (9)
.
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whereu = p:, b = j3c~,and a = 13ERL.Equation(9) isobtainedin
appendtiA. SW1=lY, equations(6)and(8)producethesolutionfor
thesuperimposeddistribution:
aJ?_P2=.: Pl(mjr,x;u,a) (lo)
Theexpressionforthepotentislofthebasicsourcedistribution
usedtorepresenta deltawingtheleadingedgeofwhichis supersonic
(Pe~>l] is similarto equation(7);however,sticetit~s casethe
Machlinesfromtheapexlieonthewing,therearetworegionsof inte-
gration(fig.2(b)).Oneistheregion@teriortotheMachlineswhere
therightandlefthalvesofthewingareinterdependenta d @lR is
exactlyequation(7). Theintegralisevaluateddifferently,however,
sincepe~ >1. TheotheristheregionthatliesbetweentheMach
linesandtheleadingedgewheretheflowistwo-dtiensiond.Herethe
rititandleftregionsareindependentofeachother,andtheexpression
foxthepotential-oneside~so gives
Fortheregionofthewingexterior
Py /+-P(Y-q)
which,withequation(7), yieldsfora
wing,whenO~u~l
thepotenti~fortheother.
to-,theMachlines,
//(x- E.)2- f+’(y-T@,
(U)
supersonic-leading-edged lta
.
.
c
——-.
-e~—.—— —-..
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.
Yi=.QE)L.m.l@=
& $Jt(l- r)dz=l ~’ +
2Vmb% m~a-l b
3/2 ,p2yc(l- r)(b2- 1) p-
2Vmb%
m
P%(1 - r)(b2- 1)
9
.
(I-2a)
and,whenl~u~b
(12b)
Thecorrespondingfunctions,forthesuperimposedsourcedistribu-
tionwhentheridgelineissupersonicarefor O ~ u ~ 1
W$
—=
ax q2=-$ql(myr~x)u)a)
—. ——- . —___— .. — —
—— . .—-–.—.—-—
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and,for 1 ~u < a,
%
—.
ax 112=-* ~l(m,r,x,u a)
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(lsb)
Theparameterm intheprecedingequationshasthedimensionsof
(length)‘l. Itwillbeusefultoexaminethecurvesofthiclmessplotted
againstspanwisedistancethatcanbeproducedby a variationof m
(fig.3) withthepurposeofforminga newdtiensionlessparameterwhich
includesm. Fromequation(4),a nondimensional.formofthethickness
curveis
oLLYl=c(y)A+*tr r (14)
.
andsince,fromfigure1, c(y)=%-+
(4
1,
(lsa)
\
where
Thenondtiensionalthickness-distributionparameteris,therefore,t~en
tobe mcrb/j3Twhichishereinafterdenotedby fii.Equation(lsa)may t
be rewrittenasfollows:
.
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~=1+(25- l)B-2iiif32 L
tr
11
(1’jb)
where
. .
Equation(1~) isa quadraticin B ad representsa parabola.Ifthe .
typeof curvef,orequation(lsb)isknown,oneabsolutelimiton E can
beestablished.Thislimitcan.bedeterminedsince,atthewingtipthe
slopeofthethictiesscurvecannotbelessthanzero.Forthiscase,
E =-~.2 Whentheslopeofthethicknesscurveiszeroattheroot,
E = ~; however,thisvalueisnotnecessarilyanupperlimit.Curvesof
thictiessdistributionfordifferentvaluesof E areshowninfigure3.
PRESSUREDISTRIBUTION
.
Tothefirstorder,
givenby
,,
thepressureonthesurfaceofthewingis
Introducingthepar~eter = intoequations(9), (10),(12a),(12b),
(lsa),and(lsb)andusingequation(16) givesthepressurequations,in
thefollowingforms:
Forthebasicsubsonic-leading-edgedeltawing
*L
fbr(l - r)(l-
(
M) f-
tin-, m6=
(O~U <b) (17)
-. . .. . . .-- ———-------- —-... —.. —.—— —— —-— --——— -—-—— -—-—— ----- ---.—-—- .--— —.—
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Forthesuperimposedsubsonic-leading-edge
(4?= -Apfi,r,~ ),.-Lpqr ~,u,a r2
Forthebasicsupersonic-leading-edged lta
ieltawing
(Osu
AQ= 2Tb
q $X(1- r)~=
< a)
1 V1 - up
)
-m
.(— )=Q“r’:’u’?‘ ‘1
A~ .
‘b -+(1-.”)q $(1 - r)~= p(l- r)(b2
Forthesuperimposedsupersonic-leading-edge
(l~u<b) (19b)
d ltawing
(Osusl) (20a)
(20b)
.
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Thepressure
13
.
fieldassociatedwiththebasicsourcedistribution
isshown‘hfigure4 forboththesubsonic-andsupersonic-leading-edge
casesforparticularwings.ForthesewingsE = -~ whichprescribes
thatthe’msximum-thicknessline,whichisatthetrailingedge,have
maximumconcavity(seefig.3). Theeffectofhavingiii<O isthat,
as X/Cr~increases,thepressuresareprogressivelydecreasedina
spanwisedirectionbelowthevaluesfora conicalpressurefield.If
iii> 0,thepressureswouldbeprogressivelyincreasedina spanwise
directionabovetheconicalpressuresas X/Cr increases.
Forthedragof
threedistinctcases
DRAG
thedeltawinghereinconsidered,thefollowing
mustbetreated:
CaseI - Supersonicleadingedgeandsupersonicridgeline(b>1, a >1)
CaseII - Subsonicleadingedgeandsupersonicridgeline(b<1, a >1)
CaseIII- Subsonicleadingedgeandsubsonicridgeline(b<1, a <1)
Incomputingthedragby themethodof superposition,itmustbe
keptinmindthatthebasicsourcedistributioncreatesa pressurefield
theinfluenceofwhichisfeltoverthewholesurfaceofthewing;
whereasthepressurefieldfromthesuperimposedsourced3.stributions
feltonlyoverthatpartofthewingwhichlies,betweentheridgelines
andthetrailingedge,exceptforcaseIIIwherethepressurefield
“spillsover”theridgelinesandexertsitsinfluenceontheforward
slopesup totheMachlinesfromtheridge-lineapex.
1 the
and
Sincethewingsaresymmetricalboutboththex,y-andx,z-pl-anes,
dragiscomputedfortherighthalfoftheuppersurfaceofthewing
theresultisthenmultipliedbyfour.
CaseI.-ThedragforcaseI (fig.>(a))isrepresentedby
(a)
which,as a resultofthesuperpositionof sourcedistributions,becomes
8
— ...—. . . .Z ..— . . ..— — ..——.—... - .- . —- —.
14 NACIITN2858
(22)
Thelimitsof integrationthesecond@ fifthintegralsmake
theoperationrathercumbersome.Thisdifficultymaybe obviatedby
rewritingequation(22) inthefollowingform,whichincludesthe6ub-
Forthiscase b >1, a> 1. s
(23)
= dxdy,butthevariablesof integration
Therefore,if y = u; andtheJacobian,
Theelementofareais ds
are x and u whereu = ~.
of x and y istakenwithrespecto x and u, theelementofarea
becomesds=~dx du. Performingtheoperationsindicatedinequa-
tion(23),reducingtheresulto coefficientform,andmakingthesub-
stitutiona =’: yields 6.
.
.
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CD$
— = Fl(r,b)+ EF’2(r,b)+
1-2
Equationsfor Fl, F2,and
plottedinfigure6.
#F3(r,b)
‘3 ,sxe givenin
CaseII.- ThedragforcaseII (fig.~(b))is
.
(b>l>~) (24)’
appendixB andare
givenby
.
1
.— JPlxl‘w -‘A
Inevaluatingequation
Thefind.vql.uemaybeI
I
CD6
— = Gl(r,b)+
~2
1 -r
r JA+B1+B2
dS (25)
(25)itmustberememberedthat b <1, a >1.
expressedincoefficientformby
fiG2(r,b)+
Equationsfor ~, G2,and
#G3(r,b) (l>b>r) (26)
G3 aregiveninappendixB andplotti’d
in figure7 withtheH-functions~ch arepresentedsubsequently.
CaseIII.-Thedragforcase-lll(fig.5(c)) is expressedas
.
(27)
,______ ___ ._ _ . .,____—-— ------- ----------- ——— ——-—— —--————-—- —- -- - —
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Here b < 1, a < 1,andtheres~t is
cD~
—= Hl(r,b)+ ~(r,b) + ~H3(r,b)
T2
(l>r> b)’ (28)
Equationsfor Hl, ~, and H3 sregiveninappendixB andplotted
infigure7. .
, Whethera variable-thiclmess-ratiodeltawingisbetterfromthe
wave-dragstandpointthsma constant-thiclmess-ratiodeltawingdepends
uponthecriterionchosen.Equations(24),(26), and (28) givethedrag
fora constant-thiclmess-ratiodeltawingwhen E = O;theresultsare
identical.to thoseofreference1. Inasmuchas F2>F3, G2>G3,
and H2> H3 dWayS, it iS obviousthat,ifthevariable-andconstant-
thiclmess-ratiow ngsarecomparedonthebasisofidenticalplanform,
r,b,andthicknessratioat theroot,theconcavethickness-distribution( )1 <iii< O, seefig.3 will give lowerdrag.curve-— _ ‘Thiscriterion,2 .
however,isa pooronebecausetheinternalvolumeandtheprojected
frontalareaarereduced.Sincethesameprojectedfrontalareaappears
toprovidea fairbasisforcomparisona dinternalvolumeis important .
inpracticaldesignconsiderations,thesetwocriteriaredevelopedfor
thepurposeof comparingthedragofa constant-witha variable-thickness-
ratiodeltawing.
.
PROJECTED-FRON’I!AL-AREACRITERION
Ifa variable-thickness-ratiodeltawingand
ratiodeltawinghaveidenticalplanform,r,b,
area,then
a constant-thickness-
andprojectedfrontal
andfromequation(1~)
( !aii-1 —t(y)= tr1 + cre~ Y- )Crz:mz‘2
,!
I
.
I
1
,,
(
.
,:
.— .—— .—— —
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Therefore,
where%
end ‘r iS
Fora
17
(29)
istheprojectedfrontalarea,S istheplan-formarea,
thethicknessratioattheroot.
constant-thiclmess-ratiodeltawing
+t =’!’! (30)
Fromequations(29)and (30), thestipulationthat Af = Aft and
S = S’ givestherelationshipbetweenT’ and T as
Fromequation(24)
.
forthevariable-thickness-ratiodeltawing,and
c~’p -
—.F1
‘t2
(31)
(32) “
fortheconstant-thickness-ratiodeltawing.Formingtheratioofequa-
tion(24)toequation(32)’andsubstitutingequation(31)gives:
(33)
,
. .—- .— . . . - ...— —-——-— —.— —.—. -——— —— ---— — -. -— —-.-— -—--- —-- — —————
X3
TheratioCD/CD’
of ii,whichgives
canbeminimized
minimumdragfor
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withrespecto 5, andthevalue
theconditionsstipulated,is
(34)
(
,,
$’
I
Equation(34)appliestotheG-andH-functionsa well.asto the
F-functionswherethecorrespondingG-andH-functionsaresubstituted
fortheF-furictions.
Thenondimensionalthiclmess-distributionparameterii formfiimum
drag,basedonfrontal-areaconsiderations,i presentedinfigure8.
Figure9 presentsCD/CD1as calculatedfromequation(33) usingthe .
valuesof fi obtainedfromfigure8. When b > 1 > r, itcanbe seen
fromfigure8 that the wingforminimumdragisessentiallythatwith
constanthiclmessratio(RR$O),exceptwhen b = 1.001,andevenfor
thiscasefigure9 showsa msximumdragreductionoflessthan2 percent.
When 1 >b >r, figure8 indicatesthatthewingforminimumdrag
hasa concavethicbessdistribution(7i.<0). Thecorrespondingcurves
offigure9 indicatea msxti dragreductionofonlyabout4 percent
forthiscase.Themainconclusiontobe drawnthenisthat,withthe
projectedfrontalareaheldconstant,thethicknesscanbe shiftedfrom
~he-tipto
.
When
concave(=
l>b>r)
for ~>0
therootwithnopenaltyinwavedrag.
1 >r >b, theoptimumthicknessdistributionis sometimes
<O, forwhichthesameconclusioncanbe drawnasfor
andsomettiesconvex(iii>0). Someoftheindicatedshapes
(arehighlyunrealisticthatis, Z>>$ ) whichindicates
that,withintherealmofphysicallypracticalsk~s, thereiSno
minimumE. Thiscondition,however,doesnotmeanthata dragreduc-
tionisnotpossible.Fig&e 10presentsthecurveof CD/CD’plotted \
againstZ fora casewhen iii,asdeterminedfromequation(34))Gives
anunrealisticshape.Itcanbe seenthat,althoughE forminimum’
dragas calculatedfromequation(34) is3.68,valuesof E from1/2
to1 givea dragreductionof 20to 25percent.Infigure9 thedashed
linesshowvaluesof CD/CD1when ii representsa wingthatisunreal-
istic,whereanunrealisticwinghasarbitrarilybeeq’chosentobeone
forwhichii>1. (Seefig.3.)
.
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INTEIWL-VOLUME
Inorderto comparethevariable-
CRITERION
andconstant-thickness-ratio
deltawingsonthebasisof internalvolume,bothwingscurespec~ied
tohaveidenticalplanform,r,b, andinternalvolume.Theinternsl
volumeofthewingoffiyre1 is
vi =JZdxdy (35)
FortherighthsM ofthewing,fromtheleadingedgetotheridgeline
..
%(x-+)
z=
1 -r
andfromtheridgelinetothetrailingedge .
(36) ~
(37)
Usingequations(35), (36), and (37) gives,fora variable-thichess-
ratiowing,
andfora
vi=~(l+$j ‘ ~ ~ (38) ,
constant- hickness-ratiowing .
Vf‘
Whenequations(38)and(39)are
vi = vi’, Cr = Cr’j ad S=s’
.
T’cr’s’
.
‘3
equatedandtheconditionsthat
arefiMilled,
(39)
—. . . .--..—.- . . ———. __________ —
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T
()
l=Tl+:fi (40)
c@ cD1~
Formingtheratioof — to —
~2 asbeforeforthepresentcriterion,~t2y
gives
(41)
.a
which,whenminimizedwithrespecto i, gives
F1 - F2
“24 F3-F2 (42)
“
forthevd’ueof E forminimumdragundertheconditionsstipulated.
Valuesof fi forminimumdragbasedon internal-volumeconsidera-
tionsarepresentedinfigure11. Figure12presentsCD/cD‘ as calcu-
latedfromequation(41)bytheuseofthevaluesof = fromfigure11.
When b >1 > r,figure11(b)showsthatthevalueof = forminimum
dragisapproximatelyconstantataboutii= -O.45;thatis,thethickness
distributionformi.mhumdragisveryclosetothatofmaximumconcavity.
Thecorrespondingcurveoffigure12givesa maxtiumdragreductionof
between8 and10percent.
When 1 > b > r,figuren(a) indicatesa valueof E whichis
fictitiousintl@ ~ <-* whichwouldprescribea wingwherepartof
theuppersurfaceisbelowthebottomsurfaceandconversely.Therefore,.
thereisnominimumdragforanyrealwingsinthisrange.Figure13is
a plotof CD/CD‘ against= fora particularconfigurationinthis
range.AlthoughtheoptimumE asdeterminedfromequation(42)is
fictitious,itcanbe seenthatanyvaltieof ii between= = -~ and
.
ii= O willgivea dragreduction,thereductionindragat ii= -~
beingabout20percent.Infigure12,thevaluesof @/CD’ whichwere
obtainedbyusingfictitiousvaluesof fi arerepresentedby short
dashedlines.
— —— — —- .—. —.-——. —————- —-———-
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.
When 1 > r > b, figure11 ~howsthatthe.iiforminimumdrag
variesfromnegativetopositivewith”increasingr foreachvalueof b.()Includedinthisrangearebothfictitious= <-~ andunrealistic
(=‘>;) valuesof “E calculatedfromequation(42).’Thecorresponding
valuesof @/CD’ areshowninfigure12 wheretheshortdashedlines
.
wereobtainedbytheuseoffictitiousvaluesof
‘(m<-:) “tie
longdashedlinesindicatetheuseofunre~isticv&es of ‘= (E >1).
Itshouldbe,emphasized,however,thatsubstantialdragdecreasescanbe
realizedintheregionsofthedashedcurvesforpracticalwings,as
canbe seenfromfigures10 and13, whichindicatethetrendof allcurves
of CD/~’ plottedagainstfi whenthe = forminimumCD/CD’is
eitherpositiveornegative.
ILLus’llw!l!mEXAMPLE
If,fora givenconstant-thickness-ratiodeltawing,itisdesired
to increasethethicknessoftherootand,forstructuralreasons,the,
thictiessatthetipisnottobe decreased,twomethodsaresuggested.
Eithera variable-thickness-ratiowingwithprescribedrootandtipthick-
nessratiosora newconstant-thiclmess-ratiowingwithprescribedroot
thiclmessratiocouldbeformed.
Fortheformercase,if T’ isthethicknessratiooftheoriginal “
constant-thickness-ratiowing,theslopeofthemaximumthickessline
tithrespecto .y is -T’/26~.Ifthevariable-thickess-ratiowing
hasthisslopeatthetip,equation(15)gives
[1a t(y)% 2 Y=cr,u=-*(1 + m) .-126*
or
.T1 = T(1+.aii) (43)
Iftherootthicknessoftheoriginalwingis increasedby n times,
.
..— — .- —-—————... ..—.———— .-— —--—
_.——__ ._.. — - .—.—— .. ..—
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T = n-r’ (44)
Thetwoequations(43) and(k-k)-yieldthenecessarythicknessdistribu-
tion
(45)
As anexample,considerthewingsforwhichb = 0.8 and r = 0.5. If
therootthicknessoftheoriginalconstant-thickness-ratiowingis
increasedby1/2, n =2 ~d = =-~.
6
Whentheratio
isformed,thedragoftheva@.able-thickness-ratiowingisfoundtobe
1.77timesthatoftheoriginalconstant-thickness-ratiowing.
Iftheincreasedrootthiclmessisattainedby foti a new
constant-thickness-ratiowing,thedragis2.25timesthatofthe
originalwing.Here,of course,boththe‘projectedfrontalareaand
theinternalvolumewe largerthanthoseforthevariable-thickness-
ratiowing.Thedragofa constant-thickness-ratiowingwhichhasthe
sameprojectedfrontalareaasthepreviouslymentionedvsriable-thictiess-
ratiowingis1.78timesthedragoftheoriginalwing;whereas,the
dragofa constant-thickness-ratiowingwhichhasthesameinternal
volumeasthepreviouslymentionedvariable-thickness-ratiowingis1.89
timesthatoftheoriginalwing.
CONCLUDINGREMARKS
Thevariable-thicbess-ratiodeltawinghasbeencomparedwiththe
constant-thickness-ratiodeltawingundertheconditionsthattheyhave
identicalprojectedfrontalareaandidenticslinternalvolume.For
theseconditionstheoptimumvalueofthethichess-distributionparameter
hasbeendetermined.Theyingshapegivenby thisvalue,althoughnot
alwayspracticalorreal,nonethelessgivesanindicationfthetypes
ofmaximum-thlclmess-lbedistribution;thatis,whetherit shouldbe
convex,straight,orconcave.Fromtheanalysisthefollowingconclusions
aredrawn:
.
—
...— -—— -
- .-—— . . -
NACATN 2858 23
1.Onthebasisoffixedfrontalarea,
(a)Whentheleadingedgeandridgelinearebothsupersonic,
theconstant-thickness-ratiodeltawinghasessentiallyoptimum
wave-dragcharacteristicsforallcombiri.ationsoflea’din.g-edge
semiapexangleandpositionoftheridgeline.
(b)Whentheleadingedgeissubsonicandtheridgeli& is
supersonic,theconcavemaximum-thicknessdi tributionhasthe
optimumwave-dragcharacteristicswhich,comparedwitha constant-
thichess-ratiowing,givesgreaterthiclmessattherootandless
thictiessatthetip. It shouldbenoted,however,thatthedrag
reductionwhichcanbe reslizedinthisrangeis small.
(c)Whentheleadingedgeandridgelinearebothsubsonic,
astheridgelinemovesforwardfromthesonicconditiontothe
leadingedge,themaxtium-thicknessdistributionforoptimumwave
draggoesfromconcaveto straighto convex.Forthelattercase,
thedragdecreaseindicatedislargeandabsurdvaluesareapproached
astheridgelineapproachestheleadingedge.
2.Onthebasisof internalvolumeconsiderations,.
(a)Whentheleadingedgeandridgelinearebothsupersonic,
theconcavemsximum-thicknessdi tributionhasoptimumwave-drag
characteristics,thedragreductionbeingabout8 to 10percentfor
allcombinationsofleading4igesemiapexangleandpositionofthe
ridgeline. -
(b)Whentheleadingedgeis subsonicandtheridgelineis
supersonic,theconcavethicbessdistrilmtionhasthebestwave-
dragcharacteristicswithdragreductionsofasmuchas 20percent .
beingpredicted.
(c)When,theleadi’hgedgeandridgelinesxebothsubsonic,
astheridgelinemovesforwardfromthesonicconditiontothe
leadingedge,themaximum-thiclmesslinegoesfromconcaveto
straighto convex;whereasthecorrespondingdrag-~ductionsrange
fromabout20percento zeroto absurdvalues.
LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,
LangleyField,Vs.,October1,1952.
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Let
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EWALUAI’IONF
~ (f3’m< 1)
Equation(7) is
E)2- j% - Tl)z
Then
3T(1- r)
JY
II
x
-E
= coshZ
$(Y- n)
(@l)R=-* Jy(a+=ldcosh
[
yiJ(x+f3y)
l+pem
v
fi(l - r)
Y
Y
v H tr=- —+fi(l- r) o 2cr
J~(x+$y)v WI-c(1 - r) .Y
x-Jl-
%E
m
dz -
)1x- $mq cosh-1P(Y-n)
dz
dq -
.
— —
—— . . . . —
—— .- —— .
. .. . . . -.—.
Ilx
.
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c
.
Differentiating(@l)Rwithrespectto x gives
Bytheuseofequations(160)and (169)
equationisobtained:
in following
then
f—
-1
lof&
1
-bu-i“--uu?(1-~2)‘“
.—. - .._ ..—. -—.—.- ____ ._ _______
...= ___ ____ -_ ~<,____ _____
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.
Usingequation(6) gives:
aji~ w~
{
— ‘-.(1 - .)- ‘3‘0%ax
.
mlmxe~lo% (b-u) 1 - 112)(1- b2)_
1- b2 [(b+u)l-bu- J(1 - u2)(l- b’]‘ 1
Finally,s.fter
J
somealgebraicmanipulationsaremadeandtheidentity
isused,thisequationisobtainedinthefollowingform:
?!!=-~t..l~
&
B.(1- r)-
2Vmb%
3/2
P%(1 - r)(l- &)
2Vmb3ux
3/2
p%(l - r)(l- &)
(x? < 1) -
1:
— ..———— -
_.—. ——— .— -. ——.— —.—— . . . .
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r
Fl(r,h)
F2(r,b)
,
F3(rj~)
2
;
PRESENTATIONFF-,G-,ANDH-FUNCTIONS
F-Functions(b>1> r)
b(l- r) ~06-1~ +
2(~-r2)(b2-1)3/2 b
7
4
{[ ‘( )
b(l- r 1 + 3r2
‘; 3(1 -r2)2(b2 -r2)3/2 -
b -r
b -r
b2-r
2b(b2- 1 (b2-
J
r’)‘+Zr(l- r;Jb= ‘Os-’;
2b(l- r)2~ + *2
‘!l
.=-,n
3r(l - r2)3~b~ b - r
[
b(l-r)3+r2
4- r2)2(b2- 1)3’2-
b(l- r)’
‘!
3 + r2 ~o~-ll+ b’-r
3(1 - r2)3~b~ b 6b(b2-lb2-r2 -
2b(l- r)2b2 + r
+
3(1 -#)2(b2 -l)(b2-r2)
2fib‘b - 3r2
6r(l- (r)b2-r
‘}
4 3/2
__.—. -—— —-—-
_.. —.. —---
---- .— - ------
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.
G-Functions(1> b > r)
m
1 -.+fi’
l-vl -
G2(r,b)=: ((1- r2)(:- b2)3/2loge b +
4- r2)b-@3’2
[ b(l- r)(1 - r2)(b2- #) 3/2
‘o%l-b+
+
+
(l+r)b2-r ) b2-~ ~ +
2b(1-r2)(b2-#)~1~ 2bb2-~ l-b2 ,
+
1
.(1- r)
* cOs-lb+
cos
}
‘1 b
.- . . . - . . -—-—.-———- -
..—..—--—-—-—.-—-
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.
G3(r,b)=:
{[
4b(l -r)2
3(1 - r2)3~l%
[)()b(l-r 23+r2+3(1 - 2)3-
b(l- r)(3 +$) -
6(I - r2)2(l - b2)3/:
+
bs(l - r)p
,3(1‘r2)2(l-b>)3/2
r2b(l- r)2(3 +r2) +
.
‘“’l-i%+
b(l- r)2~+r2
‘1
,a.l &.2
3(1- #)2(b2-#)3’2 1 ~~+’-r+l
(1 - r)~(l - b2)- (b2- r]
r(l-r) l-b 4)’
6b(l- r2)2(b2- r2){l-
2b(l- r)2b2+r
3(1- r2)2(b2- #)(1 - b2)+
~2-r
6b(b2-#)(1 - b2)+
b2b2-~2
6r(~- r)(b2- r2)3/2‘Os”l~
-—..—-————-.—.. . . . . ... —..
— ------- .-. ..-. —— .-— — ..— —
. ..—— -—— -—-. .—.. .- — ---- -—-—J
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H-Functions(1> r> b)
NACATN 2858 .
Hl(r,b)=$
{[
b
( d+]l-r~filO%b+lO%l - l-’b2 -
—.
b loge
(rl - r2]fi r-@+ r2-@)(l -@)
1 Sti-l b + 1 si@ :-
r(l- r) r(l- r)
f
b(l- r) lo& b
2(1- #)(1 - ‘2)3’2 41-1- ‘2
- ‘2
2b(r2~ b2)(1- b2)+
b(l- r)
2(1 - )(r2 r2 - ‘2)3’2-
b(l+ r‘1 (1d2loge -rr+r - ‘22r(l- #)j#=- r - ,
_ .- .. —. ————
db2+ (r2
(Equation
—
- ‘2)(1-
centinued
—-— . ..—
‘
onnextpage)
1
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Hz(rjb)
.
1 Sti-l b +
2r(l- r)
r- b2(l+r) -
2b(1- r2)(# - b2)~1~
h- lof&: +
‘[ b(l+ r)(1-%)(; - b2)3/2 2r(l- r2)~~ +
b(l- r)
1
loge b(l- r) +
2(1- #’)(1- b2)3’2 r - b2 +~(r2- b2)(1- b2)
r #-b2 L
2b(1- r2)= 2b(l- r2)(1
4
{[-.()”
b(l- =)2~ + r2
.—
m 6(1- r2)2(r2- b2)3/2-
b(l- r)
‘!
23+r210& (1- r)(r+ ~)
3(1 - r2)3jr=- r - b2 + ~~) -
[()()dlb-3(13-+b;3’2
b(l- r
!
)2(3 + r2 10%
3(1 - r2)3-
+
l-i=-
[
4b(l- r)2 b31-r2
3(1 - r2)3~1~+3(1-r ,1‘)2(1:b2)3/210% b -
\
(Equationcontinuedonnextpage)
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- b2 ‘ (l--r)~(l -b2) + (r-b2] ‘
+
6b(r2~ b2)(1- b2) 6b(l- r2)2m +
rl-r)l - bh 2b(l- r)2r + b2) +
[
—
kbr(l- r)2 b3(l- r)2
3/2
3(1- r2)3~#~- ‘W(1- r2)2(r2- b2) _
b2)(l- b2)
log,: +
1,
.
[
b(l- r)2(1+r2) +
6r(1 - r2)2(l - #)3’2
b(l- r 1)2(1+3r2) lo% b(l- r) +3r[l- r2)3~l~ r -b2 + r2 -b2)(l-b2)
*’”fG’F-
(1 - r)~.(~- b2)+ (r- b2] - (1- r)(r4- b4)
6b(1- #)2~~ ‘
}
6br(1’- r2)2(1’- b2)~~=”
1
“
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